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Abstract 

We formulate four-dimensional N = 2 supersymmetric nonlinear sigma models in 
N = 1 superspace. We show how to add superpotentials consistent with N = 2 
supersymmetry. We lift our construction to higher-dimensional spacetime and write 
five-dimensional nonlinear sigma models in N = 1 superspace. 



1 Introduction 



In four dimensions, N = 1 supersymmetric nonlinear sigma models have a natural descrip- 
tion in terms of Kahler geometry. The complex coordinates of the Kahler manifold can be 
identified with the complex scalar fields contained in N = 1 chiral superfelds. The kinetic 
terms are the highest components of an arbitrary real function, the Kahler potential K. The 
Yukawa terms are the 9 2 components of an arbitrary analytic function, the superpotential 

p mig. 

Four-dimensional N = 2 supersymmetric models have a similar geometric description. 
For N = 2, the scalar fields are the coordinates of a hyper-Kahler manifold [3]. One can 
construct such models in terms of component fields |UE], in projective superspace [U], and 
in harmonic superspace jjj, with an infinite number of auxiliary fields. 

In this paper we will take a different approach, and describe N = 2 supersymmetric 
nonlinear sigma models in terms of N = 1 superfields. (This approach was pioneered in 
refs. [HIHlinj-) The second supersymmetry restricts the Kahler potential and superpotential 
so that the Kahler manifold becomes hyper-Kahler. The construction is easily lifted to 
five dimensions, where its intrinsically four-dimensional nature is especially well-suited to 
bulk-plus-brane constructions. 

The plan of this paper is as follows. In section 2 we present some mathematical back- 
ground and construct the general N = 2 nonlinear sigma model in terms of iV = 1 superfields. 
In section 3 we illustrate our results with three examples, including the Eguchi-Hanson model 
and a large class of models obtained via the so-called "c-map" in section 4 we show 

that an N = 2 superpotential can be included whenever the hyper-Kalher manifold has a 
tri-holomorphic isometry [TT]. In section 5 we lift our construction to five dimensions, and 
present the most general coupling of five-simensional hypermultiplets in terms of N = 1 
superfields. Discussion and conclusions follow in section 6. 

2 Four Dimensions 

2.1 Hyper-Kahler manifolds in complex coordinates 

In this paper we use N = 1 chiral and anti-chiral superfields ($ a , $ b ) to construct the matter 
couplings of N = 2 supersymmetric theories. We work in terms of complex coordinates 
because the lowest components of chiral superfields are complex scalars. For the N = 1 
matter coupling, the complex coordinates parameterize a Kahler manifold. In addition to a 
complex structure, such manifolds have a hermitian metric and a closed two-form u, called 
the Kahler form. The metric is the second derivative of a real scalar function K($>, $), called 
the Kahler potential. 

In general, N = 2 matter couplings require the complex manifold to be not just Kahler, 
but hyper-Kahler. A 4n (real) dimensional Riemannian manifold (M, g) is hyper-Kahler if 
it has three independent complex structures (J, J, K) such that the metric g is Kahler with 
repect to each of them. Consequently, it has three Kahler forms, (ujx, 0J2, uj^j = (gl , gJ, gK). 
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In what follows we will single out one of the three complex structures, say /, and choose 2n 
complex coordinates with respect to it. We then write the other two complex structures as 
uj^ 1 = a>2 ± iuis, a nondegenerate, closed and (anti)holomorphic two-form ^2]- This shows 
that a hyper-Kahler manifold is a Kahler manifold with an additional holomorphic symplectic 
structure. 

To describe the N = 2 supersymmetric models in N = 1 superspace, we will start with 
the most general supersymmetric action in N = 1 superspace. We then make an ansatz for 
the second supersymmetry and demand that the action be invariant under it. This constrains 
the Kahler metric, the superpotential, and the second supersymmetry transformation laws. 
We will see that the constraints are satisfied precisely when the Kahler manifold is hyper- 
Kahler. 

2.2 N = 2 nonlinear sigma models in four dimensions 

We start with an ordinary N = 1 sigma model in iV = 1 superspace, 

Si = J d A xd 4 9 <5) , (1) 

where K is the Kahler potential of a Kahler manifold, and we defer the discussion of the 
superpotential until section 4. The first supersymmetry is manifest. We take the second 
supersymmetry to be given by the following ansatz, 1 

5 v <5> a = ^D 2 [N a (9r] + 9f])] 

5 v <5> b = ±D 2 [N b (9 V + 9f))\, (2) 

where iV a = g al N b , N b = # 5 ($, $). 

To proceed further, we need to solve for the functions N a . Define Q a b = V a ^ = 
d a N b — T^ b N c , together with its complex conjugate, f2^. We find that the action (JTJ is 
invariant under the transformation (0) if the Q ab satisfy 

2. Q ab , €l ab are covariantly constant 

3. Vl a c fi c & = — S a b , 

where Q a b = g ac Q 5b and Q a b = g ca Vt cb . Moreover, with these conditions, the commutator 
[5 m , %]$ closes without using the equations of motion. The commutator of the first and the 
second supersymmetries [5^,%] also closes, with the help of the equations of motion. 

1 Our ansatz (J2J is different from that of ref. [S]. In our case, the second supersymmetry closes off shell, 
while in [5] the equations of motion are needed. For that reason our construction is more readily generalized 
to higher-dimensional spacetimc. 
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The conditions 1-3 above imply that Q ab , Cl db are the holomorphic and anti-holomorphic 
two forms cu ± defined on the hyper-Kahler manifold, as discussed in the previous section. 
They also imply that 

n ab = l -{d a N b -d b N a ). (3) 
The three complex structures can be written in terms of Q a b , and Q a b as follows [HIE]; 

7i _ ( - iQa b\ T 2 _ ( o n a b \ j3 _ f-i5\ o \ 

" [in\ o ; \p* b o J ~ \ o ^ • w 

They satisfy 

J* = - jc (5) 

as required on a hyper-Kahler manifold [HUE]. 

The functions N a , A^ define the second supersymmetry transformations, so we would 
like to find explicit expressions for them. After a little manipulation, it is not hard to check 
that 

N a = -K b {l ba , N a = K b n\. (6) 
From these expressions, we see that N a and A^ transform as follows 

N a — ► N a + F b Q ba , N a ^N a + d a (Nt>F- b ) (7) 

under Kahler transformations, 

K($,Q) -> + F($) +F(Q). (8) 

The functions A^ a shift by a holomorphic function, so the second supersymmetry transforma- 
tions (J2J) do not change. The function N a shifts by a total derivative, so Q ab = \{d a N b — d b N a ) 
is left invariant, consistent with eq. (JSjl. 



3 Examples 

In this section we present three examples. (These examples were studied using different 
approaches in [TJ EJ |H1 CD] ) We start with the simplest case: the free hypermultiplet. We 
then study the Eguchi-Hanson model, which is the contangent bundle on complex project 
space CP(1). We finish by examining a large class of hyper-Kahler manifolds obtained via 
the "c-map." 

3.1 Free Hypermultiplet 

We write the coordinates (<& , $ 2 ) = (X, Y), in which case the Kahler potential is 

K(X,Y,X,Y) = XX + YY. (9) 
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The Kahler metric is simply g a i = I I , and all connections vanish. The form Q a b 



e a b = ( 1 ) ■ Therefore N a = g ab ei 5 Q c , and the supersymmetry transformation law is 



x 1 

1 / 

5 Tl x = -^[Y(e v + er ] )} , 5 v y = + ^[x(e v + er ] )} 

5 v X = - l -D 2 \Y{6i 1 + 6f l )} , 6 11 Y = +^D 2 {X(6r ] + 6r ] )}. (10) 
3.2 Eguchi-Hanson T*CP(1) model 

The Eguchi-Hanson T*CP(1) Model is one representative of a large class of hyper-Kahler 
manifolds, T*CP(n). The Kahler potential is [8] 



K(X, Y, X, Y) = y/1 + p 4 - Log 1 + ^ + P \ p = V ' XX + , 
so the Kahler metric and its inverse are 



P 2 



p 6 + yy -YX 



^ = ^=^( P ^^)- (13) 



(12) 



P 4 - 



The metric and its inverse satisfy Q a f,g bc 0, 5 ^ = — g a j, with 



~~ 1\ ^ab nafc / 1 



^a6 = ^=(; J, n- 6 = n a6 =l_ 1 q). (14) 



The second supersymmetry transformation is defined by N x and N Y 



N * = + vI+Zy, N r = -£±Zx. (15) 

P 2 P Z 



One can check all the conditions given in section 2.2 are satisfied. 



3.3 C-map 

The "c-map" allows one to construct a hyper-Kahler manifold from the Kahler manifold 
associated with N = 2 vector multiplets. The coordinates are taken as ($ 1 , $ 2 , ...$ 2n ) = 
(X\X 2 , ...X n ,Y 1: Y2, ...Y n ). The Kahler potential is as follows 0EED], 

K{X\ Yj, X 1 , Yj) = G{X I , X 1 ) + V J (X', X r ){Y + Y)j(Y + Y)j, (16) 
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where G(X J , X 1 ) = X 1 F r {X)+X T F^X), F^X) = <9 7 F, and Fj = d T F. In these expressions, 
G IJ is the inverse of Gjj = F U {X) + F n . 

With these definitions, the Kahler metric can be written in matrix form, 



9ab 



(G + SG^S)^ (-SG- 1 )^ 
(-G^ 1 S) A S (G- l ) AB 



I -S\ (I 0\ / G 
I j lo I) \-G~ l S G- 1 



(17) 



ab 

where Su = FukG kl (Y + Y) L . From the matrix expressions, we see that det(g ab ) = 1 and 
that its inverse is 

9 \(SG- X ) A B (G + SG-'S) AB J- 
Comparing the metric and its inverse, we find fl a bg bc flcd — ~9adi with 

^ = ^=(_ 7 J), (19) 

The second supersymmetry transformation is specified by 

( G AB (Y + Y) B , a=l,...n, , . 

~ \ -G A + \S AB G CB (Y + Y) c , a = n + l, ...2n. 1 U) 

4 Superpotentials 

In this section we show how to add a superpotential to the action while preserving N = 2 
supersymmetry. The second supersymmetry places extra restrictions on the allowed super- 
potentials. We start by writing the action as follows, 

s A = J d 4 xd 4 e k{$, <5) + j d 2 e s p($) + J d 2 e s* p($), (21) 

where s is a phase, s = e icr . We change the second supersymmetry transformation law to 2 

5 ri $ a = ^D 2 [N a (8r ] + 9fi)}-2(s + s*)n ab P b 67 1 

5 v $ a = ^D 2 [N\6r ] + 6f])}-2{s + s*)tt ai P b -6f], (22) 



2 There are other possibilities. For example, one may replace l(2*2|) by 5, q $ a = ^D 2 [N a (9rj)] — 2s*fl ab P b 8r]~ 
2£l ab [— jD 2 K b + sP b ]9rj. The third term is proportional to the anti-symmetric tensor VL ah times the equation 
of motion, so it can be dropped. This leaves 5 v $ a = \D 2 [N a {0~f))] - 2s*VL ab P b 0rj. The new transformation 
requires the tri-holomorphic conditions and the equations of motion to close the second supersymmetry, 
[6 V2 , <% 2 ] ■ The advantage of i)22[l is that the closure of [S V2 , £f 2 ] leads directly to the tri-holomorphic condition, 
without using the equations of motion. 
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where N a = —K b Q. The action is invariant provided 

K a n ab P b - K- a n al P b = f(<f>) + (23) 

where f((f>) and /(0) are (anti)holomorphic functions. Closure of the supersymmetry algebra 
on [^2,%]$ requires that 

d- a (N\- b fi fe P e + {n ah P b ) tC N c - N\ b n bc P c ) = 0, (24) 

without using the equations of motion. 

Let us define a vector X a = i Q ab P b that is manifestly holomorphic. In terms of this 
vector, the above conditions become 

1. v a x- b + v- b x a = o 

2. n a - c v- b x c -n c - b v c x a = o. (25) 

The first condition is just the Killing equation; it is obtained by taking the derivative of 
both sides of (|2*3*j) . It restricts X a to be a Killing vector on the hyper-Kahler manifold. The 
second condition implies that the vector must be tri-holomorphic [3 El E] • This means 
that the isometry generated by X a must leave the three complex structures invariant, i.e., 
the Lie derivative of the complex structures C x +xJ A = 0. 

The superpotential terms give rise to a scalar potential in the component action, 

V = g al P a P b = -n ca g a % d X d X c = g cd X s X c . (26) 

We see that the scalar potential is just the norm of the tri-holomorphic Killing vector. This 
coincides with the conclusion in ^T], obtained by a component field construction. 

A straightforward calculation shows that the commutators of the first and second super- 
symmetry transformations on A a and ifj a are as follows, 

[S V2 ,S (l }A a = 2iX a (sC 1 m-s*CiV2) 

[8 m ,6 Cl ]r a = 2id b X a ^ a {sCm-s*Cim)- (27) 

Note that d b X a ip b a is the component of the superfield X a ($) = X a (A) + V20ip b d b X a H . 

The two equations are just the lowest and the 6 component of superfield equation, 

[^ 2 ,<y$ a = 2zX a ($)K^2 - s*cm). (28) 

The two supersymmetries close into the triholomorphic Killing vector X a . 

If there is more than one such Killing vector, (i.e. the tri-holomorphic isometry group 
is non-Abelian, with n tri-holomorphic Killing vectors X^, A = 1,2, ...n), calculations show 
that one can simply replace sP — > s a Pa in the action (|21|) and the transformation laws 
122(1 . provided s A = sn A , where n A is a real unit vector. This condition follows the fact that 
the variation s a Pao,(s b + s* B )PBb^ ab must vanish; it leads to the condition s A s* B = s B s* A , 
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which is solved by s A = sn A . In other words, for general tri-holomorphic isometries, one 
simply replaces sP by sti a Pa- 

As an example, let us consider the Eguchi-Hanson model. Its metric, complex structures 
and second supersymmetry transformations were given in section 3.2. To distinguish coor- 
dinates from Killing vector symbols, we denote the coordinates by (x,y). It is not hard to 
find the holomorphic Killing vectors in the (d x ,d y ) basis: 

X = m (ix,iy), X x = m x (ix, -iy) , X 2 = m 2 (iy , ix) , X 3 = m 3 (y,-x), (29) 

where the mi are included for dimensional reasons. X generates a U(l) group while X X ,X 2 
and X 3 generate an SU(2). However, X does not satisfy the tri-holomorphic condition (J25|) . 
while the other three do. Therefore only X X ,X 2 and X 3 are allowed to be superpotentials. 
The corresponding superpotentials are jH] 

Pi = mi xy, P 2 = ^(y 2 -x 2 ), P 3 = -^(y 2 + x 2 ). (30) 

The three superpotentials can be added to the action separately, or as a linear combination, 
as described above. (The (Xi,Px) case was also studied in [13] by introducing an auxiliary 
vector multiplet.) 



5 Five Dimensions 



Constructions with four- dimensional N = 1 superfields are especially well-suited to five- 
dimensional bulk-plus-brane scenarios in which branes foliate the fifth dimension. It is nat- 
ural, then, to realize the five-dimensional bulk supersymmetry in terms of four- dimensional 
superfields. Manifest Lorentz invariance is lost, but computational simplicity often more 
than makes up the difference. 

From this point of view, each four- dimensional superfield is now a function of x 5 , the 
coordinate in the fifth dimension. As far as the two four-dimensional supersymmetries are 
concerned, the extra coordinate is just a label [Tlj. Each of the supersymmetries closes into 
a four-dimensional translation. The full five-dimensional supersymmetry manifests itself in 
the closure of the first and second supersymmetries: by Lorentz invariance, they must close 
into a translation along the fifth dimension. 

To see how this works, let us consider the five-dimensional action, 

S 5 = Jd 5 xd 4 e + Jd 2 6P(^,d 5 ^) + h.c. (31) 

We take the second supersymmetry transformations from and calculate the commutator 
of the first and second supersymmetry transformations on the field A a . We find 

[5 m , 6 (l ]A a = -2^ a c - (F c * - irfa^XCifc + C1V2). (32) 
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By Lorentz invariance, we need to require 

[8 m ,5 Cl ]A a = 2d 5 A a (( 1 ?j 2 + ( 1 r j2 ), (33) 

which implies 

g a5 (F c * - ir-^ 6 ) = n ab d 5 A b . (34) 
Equation (|34jl is the lowest component of the following superfield equation, 

-\&K a = n ab d^ b . (35) 

The five- dimensional superfield equation of motion is 

1 - dP d dP 

l D2Ra = d¥~ F 5 dd^- (36) 

Combining these results, we see that the supersymmetry algebra is Lorentz-invariant, pro- 
vided 

- TTtJ^ = -^ 5 $ fe . (37) 

This is a constraint on P. With this constraint, the action is invariant under the full 
Lorentz symmetry, as well as under the transformation laws (J2J). 

We have also checked the closure of algebra on the fermionic fields ifj a . Solving (|3*4*j) for 
F a and plugging it into the component form of (J2J), we obtain 

[8 m ,5 Cl )r = 2d 5 r{(ifi2 + (iV2). (38) 
Equations (J55J) and (J35J) are the lowest and the 9 components of superfield equation 

I6 m ,6 (l ]$ a = 2d 5 $ a (( 1 r ]2 + ( 1 r ]2 ), (39) 

respectively. 

We are now ready to solve the constraint (|3*7jl and find explicit expressions for the 
superpotential. In the three previous examples, Q ab was a constant matrix, so it is easy to 
confirm that P = ^Q ab ^ a d^ b gives a solution to (pTTjl . In the general case, we find that 
P = H a (^)d^ a solves the constraint (|3T|). so long as fl ab = H a ^ b — H bi<1 . 

From the previous section, we know that fl a b = |(^fc,a — N a}b ). Therefore we may expect 
that the holomorphic functions H a (<&) are related to the non-holomorphic functions N a (<&, $). 
In fact, one may obtain an expression for H a (<&) by integrating over the anti-holomorphic 
fields in iV a ($, $), i.e. 

H - m = — 2%ma • (40) 
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where is an integration kernel that makes the integral converge and d$> = d&dQ 2 ■ ■ ■ c/$ 2n . 
It is easy to check that H ab — H ba = Q ab since Q ab is holomorphic, 

J v (N a , b - N bA ) 

H - b ~ Hb >« = 2/ v L($)d$ (41) 

J y -2Q a6 ($) L($)d<l 
2 / v 

Equation (|3U|) gives a solution to (J37|) . Different solutions can be found by choosing different 
integration kernels L(<&). The component action, however, remains the same. 

An alternate and simpler way is to replace the non-holomorphic fields by constants, 

H a ($) = -^V«(M) _ , (42) 

<E>=c 
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so Ha, h - H b>a = -|(A^ aife ($,$)| #=c - AT 6)a ($ ! $)| #=c ) = Q ab . Equations flUD and 



can 



also be considered as proofs of the existence of H a (<&). For any hyper-Kahler manifold, 
once the complex structures and complex sympletic structures are found, we can calculate 
N a = K- b Q b a and then calculate H a via (PCT or (EEH. 

In order to demonstrate the five- dimensional Lorentz invariance of the action (|31jl. we 
write it in terms of component fields and integrate out the auxiliary fields through their 
equations of motion. We define our five- dimensional spinors as follows, 

^ a = (ifj a ,Q a 5 i; c ) T , ^ b = (d i ip d ,ij} b ), a,b=l,2,...2n, (43) 

where the five-dimensional T-matrices are 

r M =((ji ° T o y (jj {T^,T N } = -2^\ ^ = {-1,1,1,1,1}. (44) 

With these conventions, the action (J3T|) is fully Lorentz invariant, 

St = -g a ld M A a d M A b * -ig al ^ b T N \d M ^ a + T a cd d M A d ^! c ) 

~^R abc ^ b T M ^)^ d T M ^). (45) 

Note that the Q tensors do not appear explicitly in the action. 

It is also possible to include a superpotential in the five-dimensional theory. The easiest 
way is to define P new = H a (&)drj§ a + sP($). It is not hard to show that the new five- 
dimensional action, with the superpotential, is invariant under the second supersymmetry 
transformation (|22jl . provided X a = iQ ab P b is a tri- holomorphic Killing vector, as in previous 
section. Note that when we write the five-dimensional action in component field form, we 
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find that the superpotential "mass" terms are Lorentz-invariant if and only if the phase 
s = ±l: 

-~ v 6 d a p - 1 v 5 d- a p iJ b r = ± l -iy- a x h - v b x- a ) * a *\ (46) 

when s — ±1. Likewise, closure of the five- dimensional supersymmetry algebra also requires 
s — ±1. The component results might also be obtained through a nontrivial dimensional 
reduction of a six-dimensional massless hyper-Kahler multiplet, as discussed in 

6 Conclusions 

In this paper we presented a general construction of the four-dimensional N = 2 nonlinear 
sigma model in N = 1 superspace. The second supersymmetry transformation laws were 
not unique; our ansatz made the second supersymmetry close without using the equations 
of motion. The first and the second supersymmetries, however, did not close off-shell; they 
still required the equations of motion. 

With our construction, it was straightforward to include central charges in the supersym- 
metry algebra. We chose different types of central charges - either including a superpotential 
in four dimensions, or lifting the whole construction to five dimensions. The five- dimensional 
setup is well-suited to model building in the brane-world scenario. 

After this paper was submitted to the archive, the results of section 4 were obtained in 
projective superspace [13] . Likewise, the six- dimensional super symmetric nonlinear sigma 
model, formulated in terms of four-dimensional N = 1 superspace, was presented in [16 . 

This work was supported by the National Science Foundation, grant NSF-PHY-0401513. 
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